We calculate the topological entanglement entropy in bilayer quantum Hall systems, dividing the set of quantum numbers into four parts. This topological entanglement entropy allows us to draw a phase diagram in the parameter space of layer separation and tunneling amplitude. We perform the finite size scaling analysis of the topological entanglement entropy in order to see the quantum phase transition clearly.
I. INTRODUCTION
None of local order parameters in some cases can distinguish the types of quantum order, because quantum nature itself is nonlocal. To overcome this difficult situation, Kitaev and Preskill [1] have introduced the topological entanglement entropy, which is obtained by the well-designed partition and the clever linear combination of the corresponding entanglement entropies. It is of interest to look for an explicit microscopic model that realizes quantum order characterized by the topological entanglement entropy. The purpose of this paper is to present the microscopic model related to the topological entanglement entropy.
A system with a mass gap in two spatial dimensions can exhibit topological order [2] . A mass gap is the key ingredient for the incompressible quantum Hall state [3] . The quasiparticle excitations in the quantum Hall system obey fractional statistics [4] . Furthermore, Haldane [5] showed that, in the quantum Hall system, the ground-state degeneracy depends on whether the geometry is either sphere or torus. These features of mass gap, fractional statistics, and dependence of degeneracy are all topological properties. Hence it is natural to consider the topological entanglement entropy in the quantum Hall system. For applications of the topological entanglement entropy in relation with quantum phase transitions, we consider bilayer quantum Hall systems, where it is simpler to introduce controllable parameters into the Hamiltonian of the system. In bilayer quantum Hall systems, two parameters to be controlled are the layer separation d and the inter-layer tunneling amplitude t. The experimental strong evidence for the quantum phase transition of bilayer systems was a strong enhancement in the zero-bias inter-layer tunneling conductance for a small d system at total Landau level filling factor ν = 1 [6] . Theoretically, if d goes to ∞ for fixed ν = 1, the bilayer system becomes a set of two single layer systems for ν = For a large d system, the ground state would be compressible, which is not a quantum Hall state. It is clear that phase transition takes place at the critical value d c which is met while d changes from 0 to ∞. The main concern is now to draw the phase diagram of the system in the parameter space of d and t.
Pseudospin notation for the layer degree of freedom is used to find the phase diagram, by calculating the pseudospin magnetization [7] . However this pseudospin magnetization approach is not conclusive because calculations of varying d for fixed t give different results from those of varying t for fixed d. Since the pseudospin is a local order parameter, the approach of the pseudospin magnetization may not provide perfect explanation for the nature of quantum phase transitions in bilayer quantum Hall systems.
In this paper, we focus on the topological entanglement entropy, which is the most natural order parameter to study phase transition in bilayer quantum Hall systems. Using exact diagonalization, we numerically evaluate the topological entanglement entropy in finite size systems. We analyze the behavior of the topological entanglement entropy as we vary d for fixed t. We also carry out the analysis of finite size scaling. We will show that the topological entanglement entropy provides a different phase boundary from that of the pseudospin magnetization in bilayer quantum Hall systems. This difference is controversial.
More detailed experimental measurements are required to resolve the issue of topological entanglement entropy as an order parameter for bilayer quantum Hall systems.
II. HAMILTONIAN
We start with presenting the bilayer quantum Hall system in terms of the second quan- The two-body interaction between electrons is described by the periodic Coulomb interaction U( x i − x j ), which is written in terms of position variables x and momentum variables k by using the Fourier transformation:
where µ is introduced in order to take into account the infrared divergence. If two electrons are on the same (different) layer, intra (inter) layer, the third component of (
In the torus geometry of the finite size L 2 , the first and second components k 1 and k 2 out of k turn to the discrete integers n 1 and n 2 , while k 3 is kept as continuous. Then U( x i − x j ) between inter-layer electrons is written as
where the first term is extracted as the infrared divergence part for the case of n 1 = n 2 = 0.
Integrating out k 3 , we obtain
Expanding exp(−µd) into the Taylor series with respect to µ, we rewrite the first term of U( x i − x j ) as follows:
The infinite first term explains the infrared divergence, and it should be canceled by uniform positive background charge [8] . The finite second term which depends on d contributes to a static charging-energy [9] .
The Fourier transformation and handling the infrared divergence make it straightforward to derive the second quantized Hamiltonian by using the single particle wave-function. For the lowest Landau level in the torus geometry, the j-th single particle wave-function ψ j (x, y)
[10] is given by
The Hamiltonian H for the bilayer quantum Hall system is the sum of the Coulomb interaction term H i and the single particle inter-layer tunneling term H t such as
Based on the above wave functions ψ j (x, y) and the periodic Coulomb interaction U( x i − x j ), we obtain the second quantized form of H i . The Hamiltonian is expressed in terms of creation and annihilation operators c † jσ and c jσ , where pseudospin σ =↑ or ↓ is used to describe different layers. We get Table I .
Following the procedure given by Yoshioka-Halperin-Lee [11] , we find
Here the orbital index j in c † jσ should satisfy the periodic condition such that c † j+N σ = c † j σ . The coefficients V in the Hamiltonian are given by
, where the case of g(0, 0) is excluded since the infrared divergence was already handled [12] .
The single particle tunneling term H t is written as
where s σσ ′
x is the pseudospin Pauli matrix and t measures the inter-layer tunneling amplitude. After we set the Hamiltonian, we perform exact diagonalization to find the ground state of a small system. Doing consistency checks, we show explicit values of the ground state energy for the system of N = 8 in Table I .
When the layer separation vanishes (d = 0) and no tunneling is allowed (t = 0), the Hamiltonian has pseudospin SU (2) the total pseudospin operator [9] . Then the ground state should be also the eigenstate of the S 2 and S z . In Table I , the same values of ground state energy for d = 0 and t = 0 system reflect SU(2) pseudospin symmetry.
The eigenvalues of S z are given by (N ↑ − N ↓ )/2. We find that our charging-energy term is related to S z [13] as
where the ground state prefers S z = 0.
III. TOPOLOGICAL ENTANGLEMENT ENTROPY
In order to find the entanglement entropy which is a nonlocal quantity [14] , we first conduct bipartition. We can arbitrarily divide the space into two parts, A and B. Then, we calculate the von Neumann entropy S A as follows:
Here, the ground state |Ψ 0 with M electrons is spanned by the basis {|i }:
where the creation operators should be reordered such that can not indicate critical points. Thus, it is necessary to introduce slightly more complicated entropies in addition to S A to form the order parameter. It is also interest to investigate entanglement spectrum [16] . Now let us turn our attention to the recent proposal [1] of the topological entanglement entropy. Our system described by the Hamiltonian of Eq. (1) looks like a one-dimensional system with a single index, because of the lowest Landau level approximation. However, our original physical space is two-dimensional and our system shows topological properties.
Since systems have the same number of quantum numbers as their spatial dimensions, our system in two spatial dimensions has two quantum numbers (n, j) by ignoring spin and pseudospin, where n denotes the Landau level, n = 0 · · · ∞, and j denotes the intra-Landau level, j = 0 · · · N −1. Here the Landau level degeneracy N plays the role of width in this twodimensional quantum number space. In the lowest Landau level approximation, we restrict the quantum number space into n = 0 space alone. Now we should find a good bipartition of the lowest Landau level, where the boundary length between A and B is proportional to N to guarantee large subspaces A and B. The leading term of the corresponding von Neumann entropy S A then can be proportional to N such as S A = αN − γ + · · · . The even-odd bipartition [17] in the one-dimensional spin system was considered to obtain a large entanglement entropy. We will apply this kind of partition to our bilayer quantum Hall system.
In order to study a topological property of bilayer quantum Hall systems with the Hamil- tonian Eq. (1), we consider the topological entanglement entropy S topo [1] defined as
where it is crucial to partite the one-dimensional index system into four lattice subsystems, A, B, C and D. Keeping in mind the requirement that all seven entropies in Eq. (6) should be proportional to N, we make the following partition. As shown in Fig. 1 , we partite the index system of {j, σ} in c † jσ such as j mod 3 = 0, 1, 2 in up layer (σ =↑) for A, B, C, respectively, and D denotes all j in down layer (σ =↓). The subsystem AB represents A∪B, etc. Numerical results confirm that all entanglement entropies in Eq. (6) are proportional to N for small d.
A slight change of topology does not effect on the value of S topo . However, it should be emphasized that a topologically different partition provides a different entanglement entropy.
For example, we can divide the index system into four regions such as A ′ is even in up layer, B ′ is odd in up layer, C ′ is even in down layer, and D ′ is odd in down layer. We find however that S ′ topo for this type of partition does not play the role of the order parameter to explain the phase transition. In consequence, we should make an adequate choice of partition to get the proper topological entanglement entropy explaining the phase transition.
IV. NUMERICAL WORKS
To compute the topological entanglement entropy S topo , we first look for the ground state for various values of the tunneling amplitude t, which is plotted in Fig. 2 . The shape of the topological entanglement entropy in bilayer quantum Hall systems is similar to the spontaneous magnetization in the Ising model [18] .
In general, the phase boundary between quantum Hall state and compressible states can be obtained at the point where the topological entanglement entropy changes most and it has the maximum negative slope. Fig. 2 shows the maximum negative slopes. Specifically, the plot of ∂S topo /∂d in Fig. 2(b) shows a dip at d ≃ 1.1l B for t = 0.01. This may be a signature of transition from coherent to incoherent quantum phase.
We postulate the scaling function Θ to present the topological entanglement entropy S topo as
For the purpose of making a data-collapse, we look for the scaling exponents x and 1/ν as a function of the tunneling amplitude t. In order to find the exponent x, we use the data of the critical point where Fig. 3(a) , we find that S topo is very well We notice that there are the pronounced dips in ∂S topo /∂d at nearly the same d for each t.
proportional to M x as far as we ignore the data of M = 7, that is, ln M ≃ 1.946. Once we have determined d c and x, the determination of 1/ν gives the data-collapse. As shown in Table II . To determine the phase boundary between coherent and incoherent states, we use the first derivative of topological entanglement entropy with respect to d. Note that the maximum of the first-derivative is a function of t. We drew the phase boundary by plotting the maxima of the first-derivatives with respect to d in Fig. 4 . The phase boundary has a slight increasing For t = 0.01, the data-collapse at 1/ν = 0.3 looks more likely a single line than at 1/ν = 0.35, so that we roughly estimate the error. However, it is hard to distinguish the better data-collapse by changing the value of 1/ν for t = 0.05 or t = 0.1, so that we present a bigger error.
tendency as the tunneling amplitude increases. The phase boundary line looks concave from below instead of convex. The parabolic (convex) phase boundary was proposed by
Murphy et al. [19] . However, the parabolic phase boundary has a little discrepancy [20] with the tunneling data as shown in Fig. 5 . In fact, the critical value d c at t = 0 determined by the tunneling data is less than the value given by the parabolic phase boundary line.
Another point of the parabolic phase boundary is that there always exists an enough big tunneling amplitude t that produces a quantum Hall state for any d. This means that the tunneling can produce a quantum Hall state without the inter-layer Coulomb interaction for infinitely separated bilayer systems. This dominant role of tunneling may be overestimated to produce a quantum Hall state. In order to explain the transport data and the tunneling data simultaneously, we modify the phase boundary line which is concave as shown in It is known that the phase boundary line in Fig. 4 shifts upward for the system with finite layer thickness [21] . Although we do not calculate explicitly here, finite layer thickness will be crucial when we try to adjust the critical values of d c .
V. CONCLUSION
We have considered the quantum phase transition controlled by the layer separation in bilayer quantum Hall systems. The interaction between electrons in the system is described by the Coulomb interaction in a torus geometry within the lowest Landau level approximation. The main numerical work is to compute the topological entanglement entropy by exact diagonalization. We find that the topological entanglement entropy plays the role of an order parameter to distinguish quantum phases.
In summary, we have presented the topological entanglement entropy in bilayer quantum
Hall systems. We have concluded that the topological entanglement entropy is a better order parameter than the pseudospin magnetization in bilayer quantum Hall systems. The quantum order in bilayer quantum Hall systems is originated by topological properties.
